In this paper, we prove various results on the topology of the Grassmannian of oriented 3-planes in Euclidean 6-space and compute its cohomology ring. We give self-contained proofs. These spaces come up when studying submanifolds of manifolds with calibrated geometries. We collect these results here for the sake of completeness. As applications of our algebraic topological study we present some results on special Lagrangian-free embeddings of surfaces and 3-manifolds into the Euclidean 4 and 6-space.
Introduction
This paper is devoted to the algebraic topological and geometric study of the space of oriented 3-planes in 6-dimensional real Euclidean space which we denote by G + 3 R 6 . These manifolds are traditionally named as Grassmannians. We will give some definitions in the subject first, interested reader would like to consult to the fundamental article [HL82] of Harvey and Lawson or [Joy05] for more background. Let G + k R n be a Grassmannian manifold defined by all oriented kdimensional subspaces of R n . For any v ∈ G + k R n there are orthonormal vectors e 1 · · · e k such that v = e 1 ∧ · · · ∧ e k . Let φ be a closed k-form on R n . If |φ(v 1 ∧ v 2 ∧ · · · ∧ v k )| ≤ 1 for any orthonormal set of vectors v 1 , v 2 , ..., v k ∈ R n , then φ is called a calibration on R n . The set
is called the contact set or face of the calibration φ. A k-submanifold is called calibrated if its tangent subplanes are in the contact set. An example of a calibration on R 2n ≃ C n is the real n-form α = Re{dz 1 ∧ · · · ∧ dz n }. The calibrated submanifolds in this geometry are Lagrangian submanifolds of C n which satisfy an additional 'determinant' condition. They are therefore called special Lagrangian submanifolds. They, of course, have the property of being absolutely area-minimizing.
Let (X, ϕ) be a calibrated manifold. A p-plane ξ is said to be tangential to a submanifold M ⊂ X if spanξ ⊂ T x M for some x ∈ M. A closed submanifold M ⊂ X is called ϕ-free if there are no ϕ-planes ξ ∈ G(ϕ) which are tangential to M. Each submanifold of dimension strictly less than the degree of ϕ is automatically ϕ-free. Locally, generic p-dimensional submanifolds are ϕ-free. Depending on the calibration, there is an upper bound for the dimension of a ϕ-free submanifold. The free dimension f d(ϕ) of a calibrated manifold (X, ϕ) is the maximum dimension of a linear subspaces in TX which contains no ϕ-planes. Subspaces which satisfy such condition are called ϕ-free. Hence, the dimension of a ϕ-free submanifold can not exceed f d (ϕ) . For all well-known calibrations on manifolds with special holonomy, this dimension is computed and shown in the Table 1 of free dimensions. See [HL09] for the details. ϕ-free submanifolds are the generalization of totally real submanifolds in complex geometry to calibrated manifolds. They are used to construct Stein-like domains in calibrated manifolds, called as ϕ-convex domains.
In our paper we investigate the invariants of this important Grassmannian. In particular we compute its integral homology as a main result of our paper. We also compute its cohomology ring. Along the way we also compute the rings of some of the Stiefel manifolds.
Corollary 2.4. The cohomology ring of the Stiefel manifolds are the following for which degx m = m.
, x 2 9 , x 4 x 9 ) In addition we compute some homotopy groups as well.
Lemma 3.1. The preliminary homotopy groups of the Grassmannian are the following.
Using Serre's spectral sequence we also compute the invariant for the special Lagrangian manifold SLAG, which is defined to be the set of 3-planes of maximal (or minimal) energy in 6-space. It is a 5-dimensional submanifold of the Grasssmannian.
Corollary 5.3. The cohomology ring of the special Lagrangian manifold is the following truncated polynomial ring for which degx m = m.
As an outcome of this algebraic topological study of Grassmannians we continue with the following application. As another application we can talk about SL-free embeddings of 3-manifolds into Euclidean 6-space. There is a growing interest in Grassmannian manifolds due to their role in calibrated geometries. Interested reader may consult to [Kal18] for an example. See also [KK18] for cohomology of Grassmannians. This paper is organized as follows. In section §2 we deal with the related Stiefel manifolds, in section §3 with some homotopy theory, in section §4 with the Grassmann manifold, in section §5 with the special Lagrangian submanifold, in §6 with the cohomology ring, and finally in §7-9 with some geometric applications.
Stiefel Manifolds
In order to compute the invariants of Grassmannian manifolds, some knowledge about the related Stiefel manifolds is necessary. That is why we are going to study these manifolds in this section. We start with a simpler one. Namely V 2 R 5 , the bundle of ordered orthonormal 2-frames in the Euclidean 7-space. We start with the following proposition.
Proposition 2.1. The homology of the Stiefel manifold V 2 R 5 is the following.
Proof. Using the cellular decomposition of Stiefel manifolds, a proof of this fact is presented at [Hat02] . For warming up purposes for the following cases we present a different proof here. The initial homotopy groups π 0123 V 2 R 5 = (0, 0, 0, Z 2 ) since our 7-dimensional Stiefel manifold is 5-2-1=2-connected and [Pae56] . Consequently, by the Hurewicz theorem we determine the homology groups upto the 3-rd level. As the next step, we are going to use the following fibration
for the rest of the homology groups. The homological Serre spectral sequence of the fibration (1) is defined together with the description of its limit as follows.
where the abelian groups F p,q are defined through
Out of this information the prior pages of our spectral sequence reads as in Table  2 .
Since we know that H 3 (V; Z) = Z 2 = F 3,0 coupling with the information E ∞ 3,0 = 0 we receive that F 2,1 = Z 2 . Continuing in this direction we finally reach at F 0,3 = Z 2 . The equality revealing the limit
determines the nature of the differential d 4 4,0 = ×2 that is multiplication by 2, which forces E ∞ 4,0 = Ker d 4 4,0 = 0. That was the only missing part of the limit page. Summing up the south-east diagonals in the limit page gives the answer. 
Next, using the information coming out of this proposition, we are going to manage a higher Stiefel manifold V 3 R 6 . We have the following result on this manifold.
Proposition 2.2. The homology of the Stiefel manifold V 3 R 6 is the following.
Proof. The Stiefel manifold V 3 R 6 is by definition equal to the set of 3-frames in 6-space. Projection onto the first vector gives the following fiber bundle (3) with fiber V 2 R 5 .
Although we can use the homology version as well, we are going to use the cohomological Serre spectral sequence related to this fiber bundle (3) to be able to use it for cup product calculations as well. We define it with the description of its limit as follows. E p,q
where abelian groups F p,q form a filtration that satisfies
This sequence behave appropriately because the base manifold is simply connected. There exists also homomorphisms called the differential maps d
This spectral sequence converges immediately and illustrated on the Table 3 . The only potentially non-trivial differential is the following. which is zero because it maps torsion to a free space. So that we have the limit as well at from the beginning. Accumulating the groups in the south-east direction again and using Poincaré duality yields the result.
Next, we are going to compute the cup products, before which we need a Lemma. 
Lemma 2.3. Considering the fiber bundle (3) the following pullback maps
induced by an embedding i : V 2 R 5 → V 3 R 6 onto some fixed fiber over a point of the base and the projection π : V 3 R 6 → S 5 of the total space are surjective and injective, respectively.
Proof. These pullback maps correspond to the following [Sat99] natural maps and compositions in the spectral sequence.
Realize that the first map is a quotient map other than the identifications so that it is surjective. The second map is an inclusion in the filtration (4) other than the identifications, hence an injection.
We can summarize the Propositions 2.1 and 2.2 in terms of cohomology as follows.
Corollary 2.4. The cohomology ring of the Stiefel manifolds are the following for which
The first ring is obtained out of the dimensional restrictions. To deal with the second ring, after the dimensional regulations, we finally have to determine the fate of the top dimensional graded element
For this purpose we will use the Leray-Hirsch theorem [Hat02, Spa81] which gives an isomorphism on the rational cohomology. Only crucial hypothesis is what we to proved in the previous Lemma 2.3 that the cohomological pullback map from the total space to the fiber of the fibration i * =î is a surjective map. Then by the theorem we have an isomorphism between the product of fiber and the base and the total space as follows.
Restricting this isomorphism to the 12-th grading gives us the isomorphism
which means that our product has to be a generator.
Some Homotopy Theory
In this section we are going to compute some of the homotopy theoretic invariants of the Grassmannian manifold. We need the following fiber bundle to find homotopy groups of the Grassmannian.
Exploiting this fibration, we lead to the following result.
Proof. We apply the homotopy exact sequence to the fiber bundle (5), a part of which is as follows.
We use the fact that V 3 R 6 is 2-connected and Proposition 2.2 for the Stiefel manifold, and higher homotopy groups of SO 3 is the same as of its universal cover which is the 3-sphere. Surjectivity of the map π * reveals that the only option for the 3rd level is Z 2 other than the trivial group. Since the Grassmannian is 1-connected, the Hurewicz homomorphism
is an epimorphism by [Hat02] at this level. This implies that Z 2 is the only nontrivial option for the 3rd homology as well. One can continue to analyse this exact sequence by inserting the homotopy groups of the Stiefel manifold from [Pae56] starting from the 4-th level as we did above.
We need to work with another fibration involving special orthogonal groups which is used to define the Grassmannian as well,
The homotopy sequence of this fibration at the 3rd level reads as the following,
The homotopy groups of the special orthogonal groups can be deduced from orthogonal fibrations, and π 4 G + 3 R 6 injects into Z ⊕ Z which makes it a subgroup of a free group hence itself free. This with (6) resolves the 4-th level. Cokernel has to be Z or 2Z. After this we can turn the problem into matrices. The group SO 6 is a smooth 15-dimensional manifold. According to the standard embedding, in its 3x3 block lies a copy of SO 3 = RP 3 . We need to understand the following map between the integers.
So, up to a sign, this homomorphism either maps the generator to a generator or maps to twice the generator of 3rd homotopy of SO 6 . We claim that this map is multiplication by 2 upto sign, so that the embedded SO 3 does not generate the 3rd homotopy group of SO 6 , rather only the even members. To prove this statement let us first understand the map,
through using the fiber bundle of Stiefel manifolds,
The homotopy exact sequence at the 3rd level reveals the following,
Here, π 3 (SO 4 ) ≈ Z ⊕ Z parametrizes the real 4-bundles or equivalently S 3 -bundles over S 4 as follows. Considering the atlas consisting of the two charts produced by taking out the north or the south pole. Consider the local trivializations
projecting to these contractible spaces. The transition function restricted to the above of the equivator is On the other hand, the vertical map in (10) is surjective, for example because of the 7-spheres of [Mil56] . One can show that the Euler class for the quaternionic Hopf bundle H on the 4-sphere is the generator though the Euler class for the tangent space T is the twice of the generator, see [Bra16] for an explanation. So that e(T − 2H) = 0. Since the kernel is free and the map is non trivial, this element generates the kernel, hence the image of i * .
The 3rd homotopy group of the special orthogonal groups,
reveals the fact that the half-Pontrjagin map from the stable homotopy group,
gives an isomorphism with integers. The Pontrjagin classes for spheres are trivial although the total Pontrjagin class for the quaternionic bundle is
which generates the image of i * of (8) and because of the stability generates the image of i * of (9). . At the preliminary levels we can use the homotopy theory in the previous section. Lemma 3.1 combined with the Hurewicz isomorphism we obtain,
We continue with the following central preliminary result.
Lemma 4.1. The homology group H 3 (G + 3 R 6 ; Z) is trivial. Proof. In order to prove our result, we assume that this homology groups is nontrivial. So far, after making this assumption, we are able to handle the homology upto the third level. The free homology is obtained through the Poincaré polynomial [GHV76, GMM95] 
Various forms of the universal coefficients theorem [Sat99] coupled with the Poincaré duality may be used to compute the higher level torsion as follows.
Similarly T 6 = H 2 (G; Z) = Z 2 and T 7 = H 1 (G; Z) = 0. Moreover, from comparing the torsion parts of the equality for the next case,
Collecting the results obtained from the assumption, the homology groups of the oriented Grassmann manifold G + 3 R 6 hypothetically has to be the following sequence.
To be able to raise a contradiction, we need to define the cohomological Serre spectral sequence related to the fiber bundle (5) with the limit as follows.
Then keeping in mind for the fiber that,
we figure out the second page of the spectral sequence as can be seen on Table 4 . 
Because of the vanishing of the cohomology of the Stiefel manifold, the filtration at the 6-th level degenerates.
So that the vanishing of the term F 4,2 forces the vanishing of the limit E 4,2 ∞ . This is possible by a trivial kerneli so through the injectivity of the differential, On the other hand, the domain of this differential can be computed by
which evidently can not inject into Z 2 .
Now, we are ready to prove the main result of this section. By further applications of Serre spectral sequence we obtain the following list. Proof. Using the homotopy and Hurewicz theorem together with Lemma 4.1, we handle the homology upto the third level. The free homology is obtained through the Poincaré polynomial (11). Various forms of the universal coefficients theorem [Sat99] coupled with the Poincaré duality may be used to compute the higher level torsion as follows.
we get T 8 = 0. Hence the 4-th level torsion subgroup T 4 is the only remaining case.
To handle this case we again define the cohomological Serre spectral sequence (12) related to the fiber bundle (5). This sequence behave appropriately because the base manifold is simply connected. After various applications of the universal coefficients theorem like,
we figure out the second page of the spectral sequence as can be seen on Table 5 . 
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The only missing part is the torsion at the fourth level. To address this problem we analyse the filtration at the 6-th level, so that we have the following,
3 is injective because of the vanishing of the 6-th diagonal
which forces the group T 4 to vanish.
Alternatively, one can work with the defining standard fibration (7) involving special orthogonal groups to obtain similar topological information.
Remark 4.3. Another alternative is the following useful double fibration.
The tautological bundle over G 
The 2-sphere bundle S(E 3 R 6 ) is obtained by furnishing a with a metric and taking the unit sphere in each fiber. That is how the horizontal fibration obtained. From there, one can obtain the vertical fibration with the following procedure. A point in G +

R 6 represents a 2-plane which can be extended to a 3-plane by adding a unit vector in the 6-2=4 dimensional orthogonal complement. Another interpretation is through the oriented flag variety F
The special Lagrangian locus of G
In this section we calculate some invariants of the submanifold SLAG. Our techniques are entirely different than that of [GMM95] . We start with some definitions. Proof. SU 3 as a subset of SO 6 acts on R 6 by matrix multiplication, so that it acts on the oriented 3-planes as well. This action gives the following fiber bundle.
Since the holomorphic 3-form is SU 3 -invariant, special Lagrangian 3-planes are also invariant, hence the action. The stabilizer is the special orthogonal group acting on the complement of the 3-plane. The homotopy exact sequence on the fiber bundle (15) reveals that the 5-manifold SLAG is simply connected as well as the unitary group SU 3 . So that the Serre spectral sequence would behave reasonably. We prefer to work with the homological version as follows.
The invariants of the fiber is the same as in 14, however for the total space we have the following.
Then, the Table 6 illustrates the second page of the spectral sequence. 
Now, let us explain the entries of this table. Vanishing of the 1-st and 4-th columns are provided by simple connectivity and the universal coefficients. Another application of the universal coefficient theorem gives the following.
The other entries can be handled in a similar manner. To find out the second homology we proceed by analysing the limit. According to the filtration (2) we have
hence the filtration vanishes identically. So that the quotients and the limit E ∞ 1,0 = F 1,0 /F 0,1 . Entry here have to vanish eventually. This implies that the following differential is surjective.
We are able to do a similar kind of analysis in the next diagonal as well. Vanishing of the second homology of the special unitary group implies that the filtration
vanish identically, as well as the quotient E ∞ 2,0 = F 2,0 /F 1,1 . To provide that, the differential (16) has to be injective hence an isomorphism, which implies that the second homology H 2 (SLAG; Z) = Z 2 .
To figure out the latest unknown, in the table we notice that E 2 3,3 = E ∞ 3,3 because of the differentials pointing at and from zero. Vanishing of the homology of special unitary group at this level again implies the filtration
to vanish identically, which effects the limit as the following,
Consequently we get the following ring structure. 
The Ring Structure
In this section we are going to compute the cohomology ring of the Grassmann manifold. The cohomological Serre spectral sequence is more appropriate for this task. In the following discussion, E = E(3, 6) will denote the canonical bundle over the Grassmann manifold G + 3 R 6 . It is obtained by taking the plane corresponding to a point to produce a vector bundle of rank 3 over our Grassmannian. We collect the related results of [SZ14] here as follows. Using these characteristic classes and integrals we will be able to figure out the generators and relations in our Grassmannian. Now we are ready to compute the cohomology ring. Proof. We start with the free part which requires some attention. We pick the generators in the levels 4 and 5 and assign the following x 4 := 2 −1 p 1 E(3, 6), x 5 := 4(3π) −1 * p 1 E(3, 6) values. After handling the relations produced by the dimensional restrictions we have to understand the product of the chosen generators. So that we evaluate x 4 x 5 over the Grassmannian to get its coefficient. The integral,
provides that the product x 4 x 5 is the generator of the top level.
Alternatively we suggest to the reader to compute the product structure through the cohomological Serre spectral sequence.
Next, we would like to see how the submanifold of special Lagrangian 3-planes sits inside the Grassmannian G + 3 R 6 cohomologically. We have the pullback map induced by the inclusion
which is trivial other than the levels q = 0 · · · 5. Since SLAG has nontrivial cohomology only at the levels 3 and 5, we only need to understand the pullback map at those levels. We can work on the 4-manifold PONT in a similar way. Considering the cohomology ring of Pontrjagin cycles,
we have the following.
Theorem 6.3. The inclusion maps for SLAG and PONT into the Grassmannian acts as follows.
The inclusion map i
: SLAG → G + 3 R 6 of the 5-manifold of special Lagrangian planes act on the cohomology ring as follows.
There is no cohomology at the levels 4 and 7. Since the evaluation of x 5 on SLAG is 1, it is mapped onto the generator at the top level. y 3 is represented by the Euler class eE(3, 6) of the tautological bundle of G + 3 R 6 . Considering the PONT, since there is no cohomology corresponding to the levels 3,5 and 7, the pullback is trivial on them. Finally at the 4-th level the pullback acts i * : Z 2 → Z a homomorphism to the free space hence trivial s well. So that i * = 0.
Special Lagrangian Free Subsurfaces
In this section we are going to analyse the special Lagrangian-free submanifolds of C 2 . A closed orientable submanifold M k for 1 ≤ k ≤ 2n − 2 of a Calabi-Yau manifold (X 2n , Re(Ω)) is called special Lagrangian-free (SL-free in short) if there are no special Lagrangian n-planes tangential to M. A result of [HL09] states that if (M, Ω) is a Calabi-Yau manifold of real 2n-dimension with special Lagrangian calibration Re(Ω), then the free dimension is f d(Re(Ω)) = 2n − 2.
Our aim is to find the obstructions to embed any closed oriented manifold into the flat Calabi-Yau manifold C n ∼ = R 2n as SL-free. In order to achieve this, we will use the Gauss map of any embedding and intersection theory. Now, let f : M k −→ R 2n be an embedding of a closed oriented k-dimensional manifold M k into R 2n , where 0 < k ≤ 2n − 2. If k < n, then this embedding is automatically SL-free due to the fact that the dimension of a special Lagrangian plane is n. Locally, it will also be SL-free for k = n. For n ≤ k, consider the Gauss map G f : M k −→ G + k R 2n , and let S ∈ G + k R 2n be the subset of k-planes which contains a special Lagrangian n-plane. If G f (M k ) ∩ S = ∅, then this embedding will be SL-free, too. If the intersection is non-empty, then we will try to find a topological invariant of M k which will be an obstruction for this embedding to be SL-free and we plan to do this using this intersection set. Unfortunately, this can easily be done, as far as we know, if the intersection of G f (M k ) and S is a set of points which only occurs if
Since G f (M k ) and S are closed, generically they will intersect at finitely many points under this condition. By using the weak Whitney embedding theorem and some classical results in differential topology, these intersections can be made transversal. Hence, we can compute the algebraic intersection numbers between them and then try to find conditions on M k which may make these numbers equal to zero. First, we will find the conditions on k and n when this intersection can generically be at just points. This is clarified after the following result. 
Proof. Let us define the following,
It is clear that k ≥ n. Then, we can define the map π : S → SLAG n which maps each k-plane V k to the special Lagrangian plane contained. If we look at the fibers, i.e. π −1 (Q) for any special Lagrangian n-plane Q in C n , we see that any k-plane
Hence, this fibration gives us the following,
Because of the quotient structure SLAG n ∼ = SU 2 /SO 2 we can compute the dimension as dim(SLAG n ) = (n
where n ≤ k ≤ 2n − 2. The only integer solutions to this equation are (k, n) = (1, 0), (2, 2), (6, 5). Obviously (k, n) = (1, 0) is not a geometric object.
For the case (k, n) = (6, 5), we don't have enough tools to compute this intersection number as the dimensions are really big. However, in the low dimensional case (k, n) = (2, 2) we completely classified which closed orientable surfaces can be embedded into C 2 ∼ = R 4 as SL-free. Moreover, we can actually see that the converse of the theorem is true, too. As a complementary part, we use the idea of the Joyce in [Joy07] . The case n = 2 is actually the special case of special Lagrangian in C n . Let C 2 have complex coordinates (z 1 , z 2 ), complex structure J, and metric g, Kähler form ω, and holomorphic 2-form Ω defined in C 2 . Define real coordinates (x 0 ,
Thus, L is special Lagrangian if and oly if (dw 1 ∧ dw 2 )| L = 0. But this holds if and olny if L is holomorphic curve with respect to the complex coordinates (w 1 , w 2 ).
As a result, the second part of proof shows that being SL-free with respect to the standard complex structure J is equivalent to being totally real with respect to the complex structureJ for n = 2. Since, h-principle holds for totally real embeddings (see Gromov [Gro86] ) and the only obstruction for SL-free embeddings is χ(M), we get the following result. By using the classification of orientable surfaces, we see that only T 2 = S 1 × S 1 can be embedded into R 4 ∼ = C 2 as SL-free.
The Geometry
In this section, we analyze the geometry of SLAG in G + 3 R 6 . For any vector v ∈ G + 3 R 6 , there are orthonormal vectors e 1 ∧ · · · ∧ e 6 and there exists φ ∈ 3 (R 6 ). Now, let J be the complex structure on Euclidean space R 6 and e 1 , ..., e 6 be an orthonormal basis with Jdx 2i−1 = dx 2i . We define the calibration 3-form by the real part of the holomorphic volume form as follows. φ is called a special Lagrangian calibration on R 6 with the face of set SLAG = SU 3 /SO 3 . Critical submanifolds are the following;
The equator which is the zero level hypersurface SLAG 0 is an 8-dimensional submanifold with vanishing homology class. Actually, the critical submanifold SLAG 0 is isomorphic to the Lie group SU(3) since SU(3) acts on v ∈ SLAG 0 , (i.e. the complex structure is preserved) and there is no other restriction holds.
Application to the normal bundles
In this section we make an application to embeddings. Let i : M −→ R 6 be an immersion of a 3-manifold into the Euclidean space. We have the following theorem. Proof. We are going to use obstruction theory. We shrink the normal Gauss map g N : M → G + 3 R 6 skeleton by skeleton. The restriction of g N to the 0-th and 1-st skeleton of M can be contracted to a point by a homotopy because the image lies in the Grassmannian G + 3 R 6 which is a connected and simply connected space. After this homotopy we obtain a map, Since this map is shrinked over the 1-skeleton, it defines a 2-cochain which is closed by obstruction theory and hence defines a class in the second cohomology of M with π 2 coefficients,which is computed to be Z 2 in the previous section.
The second Stiefel-Whitney class ω 2 of the 3-manifold is equal to this obstruction. Since oriented 3-manifolds are parallelizable, all the characteristic classes vanish, in particular the Stiefel-Whitney classes. The next obstruction is,
by the Lemma 3.1. Since the 3rd Stiefel-Whitney class is zero this obstruction also vanishes and the normal Gauss map is contractible. Since the free dimension for the special Lagrangian calibration is 2n-2=4 in this case, a 3-manifold is generically an SL-free submanifold by [HL09] .
